We have analytically obtained all the density matrix elements up to six lattice sites for the spin-1/2 Heisenberg XXZ chain at ∆ = 1/2. We use the multiple integral formula of the correlation function for the massless XXZ chain derived by Jimbo and Miwa. As for the spin-spin correlation functions, we have newly obtained the fourth-and fifth-neighbour transverse correlation functions. We have calculated all the eigenvalues of the density matrix and analyze the eigenvalue-distribution. Using these results the exact values of the entanglement entropy for the reduced density matrix up six lattice sites have been obtained. We observe that our exact results agree quite well with the asymptotic formula predicted by the conformal field theory.
Introduction
The spin-1/2 antiferromagnetic Heisenberg XXZ chain is one of the most fundamental models for one-dimensional quantum magnetism, which is given by the Hamiltonian where S α j = σ α j /2 with σ α j being the Pauli matrices acting on the j-th site and ∆ is the anisotropy parameter. For ∆ > 1, it is called the massive XXZ model where the system is gapful. Meanwhile for −1 < ∆ ≤ 1 case, the system is gapless and called the massless XXZ model. Especially we call it XXX model for the isotropic case ∆ = 1.
The exact eigenvalues and eigenvectors of this model can be obtained by the Bethe Ansatz method [1, 2] . Many physical quantities in the thermodynamic limit such as specific heat, magnetic susceptibility, elementary excitations, etc..., can be exactly evaluated even at finite temperature by the Bethe ansatz method [2] .
The exact calculation of the correlation functions, however, is still a difficult problem. The exceptional case is ∆ = 0, where the system reduces to a lattice free-fermion model by the Jordan-Wigner transformation. In this case, we can calculate arbitrary correlation functions by means of Wick's theorem [3, 4] . Recently, however, there have been rapid developments in the exact evaluations of correlation functions for ∆ = 0 case also, since Kyoto Group (Jimbo, Miki, Miwa, Nakayashiki) derived a multiple integral representation for arbitrary correlation functions. Using the representation theory of the quantum affine algebra U q (ŝl 2 ), they first derived a multiple integral representation for massive XXZ antiferromagnetic chain in 1992 [5, 6] , which is before long extended to the XXX case [7, 8] and the massless XXZ case [9] . Later the same integral representations were reproduced by Kitanine, Maillet, Terras [10] in the framework of Quantum Inverse Scattering Method. They have also succeeded in generalizing the integral representations to the XXZ model with an external magnetic field [10] . More recently the multiple integral formulas were extended to dynamical correlation functions as well as finite temperature correlation functions [11, 12, 13, 14] . In this way it has been established now the correlation functions for XXZ model are represented by multiple integrals in general. However, these multiple integrals are difficult to evaluate both numerically and analytically.
For general anisotropy ∆, it has been shown that the multiple inetegrals up to fourdimension can be reduced to one-dimensional integrals [15, 16, 17, 18, 19, 20, 21] . As a result all the density matrix elements within four lattice sites have been obtained for general anisotropy [21] . To reduce the multiple integrals into one-dimension, however, involves hard calculation, which makes difficult to obtain correlation functions on more than four lattice sites. On the other hand, at the isotropic point ∆ = 1, an algebraic method based on qKZ equation has been devised [22] and all the density matrix elements up to six lattice sites have been obtained [23, 24] . Moreover, as for the spin-spin correlation functions, up to seventh-neighbour correlation S z 1 S z 8 for XXX chain have been obtained from the generating functional approach [25, 26] . It is desirable that this algebraic method will be generalized to the case with ∆ = 1. Actually, Boos, Jimbo, Miwa, Smirnov and Takeyama have derived an exponential formula for the density matrix elements of XXZ model, which does not contain multiple integrals [27, 28, 29, 30, 31] . It, however, seems still hard to evaluate the formula for general density matrix elements.
Among the general ∆ = 0, there is a special point ∆ = 1/2, where some intriguing properties have been observed. Let us define a correlation function called Emptiness Formation Probability (EFP) [8] which signifies the probability to find a ferromagnetic string of length n:
The explicit general formula for P (n) at ∆ = 1/2 was conjectured in [33] P (n) = 2
which is proportional to the number of alternating sign matrix of size n × n. Later this conjecture was proved by the explicit evaluation of the multiple integral representing the EFP [34] . Remarkably, one can also obtain the exact asymptotic behavior as n → ∞ from this formula, which is the unique valuable example except for the free fermion point ∆ = 0. Note also that as for the longitudinal two-point correlation functions at ∆ = 1/2, up to eighth-neighbour correlation function S z 1 S z 9 have been obtained in [32] by use of the multiple integral representation for the generating function. Most outstanding is that all the results are represented by single rational numbers. These results motivated us to calculate other correlation functions at ∆ = 1/2. Actually we have obtained all the density matrix elements up to six lattice sites by the direct evaluation of the multiple integrals. All the results can be written by single rational numbers as expected. A direct evaluation of the multiple integrals is possible due to the particularity of the case for ∆ = 1/2 as is explained below.
Analytical evaluation of multiple integral
Here we shall describe how we analytically obtain the density matrix elements at ∆ = 1/2 from the multiple integral formula. Any correlation function can be expressed as a sum of density matrix elements P ǫ ′ 1 ,··· ,ǫ ′ n ǫ 1 ,··· ,ǫn , which are defined by the ground state expectation value of the product of elementary matrices:
where E ǫ ′ j ǫ j j are 2 × 2 elementary matrices acting on the j-th site as
The multiple integral formula of the density matrix element for the massless XXZ chain reads [9] 
where the parameter ν is related to the anisotropy as ∆ = cos πν and f ab and y k are determined as
In the case of ∆ = 1/2, namely ν = 1/3, the significant simplification occurs in the multiple integrals due to the trigonometric identity
Actually if we note that the parameter f ab takes the value 0 or 1, the first factor in the multiple integral at ν = 1/3 can be decomposed as 6) where ω = e iπ/3 . Expanding the trigonometoric functions in the second factor into exponentials
we can explicitly evaluate the multiple integral by use of the formula
where B(p, q) is the beta function defined by 
Exact −0.156250 0.0800781 −0.0671234 0.0521997 −0.0467664 Asymptotics −0.159522 0.0787307 −0.0667821 0.0519121 −0.0466083
In this way we have succeeded in calculating all the density matrix elements up to six lattice sites. All the results are represented by single rational numbers, which are presented in Appendix A. As for the spin-spin correlation functions, we have newly obtained the fourthand fifth-neighbour transverse two-point correlation function The asymptotic formula of the transverse two-point correlation function for the massless XXZ chain is established in [35, 36 ]
which produces a good numerical value even for small n as is shown in Table 1 . Note that the longitudinal correlation function was obtained up to eighth-neighbour correlaion S z 1 S z 9 from the multiple integral representation for the generating function [32] . Note also that up to third-neighbour both longitudinal and transverse correlation functions for general anisotropy ∆ were obtained in [21] .
Reduced density matrix and entanglement entropy
Below let us discuss the reduced density matrix for a sub-chain and the entanglement entropy. The density matrix for the infinite system at zero temperature has the form ρ T ≡ |GS GS|, (3.1) where |GS denotes the ground state of the total system. We consider a finite sub-chain of length n, the rest of which is regarded as an environment. We define the reduced density matrix for this sub-chain by tracing out the environment from the infinite chain
We have numerically evaluate all the eigenvalues ω α (α = 1, 2, · · · , 2 n ) of the reduced density matrix ρ n up to n = 6. We show the distribution of the eigenvalues in Figure 1 . The distribution is less degenerate comapared with the isotropic case ∆ = 1 shown in [24] . In the odd n case, all the eigenvalues are two-fold degenerate due to the spin-reverse symmetry.
Subsequently we exactly evaluate the von Neumann entropy (Entanglement entropy) defined as
3)
The exact numerical values of S(n) up to n = 6 are shown in Table 2 . By analyzing the behaviour of the entanglement S(n) for large n, we can see how long quantum correlations reach [37] . In the massive region ∆ > 1, the entanglement entropy will be saturated as n grows due to the finite correlation length. This means the ground state is well approximated by a subsystem of a finite length corresponding to the large eigenvalues of reduced density matrix. On the other hand, in the massless case −1 < ∆ ≤ 1, the conformal field theory predict that the entanglement entropy shows a logarithmic divergence [38] S(n) ∼ 1 3 log 2 n + k ∆ . Our exact results up to n = 6 agree quite well with the asymptotic formula as shown in Figure  2 . We estimate the numerical value of the constant term k ∆=1/2 as k ∆=1/2 ∼ S(6)− 1 3 log 2 6 = 1.0528. This numerical value is slightly smaller than the isotropic case ∆ = 1, where the constant k ∆=1 is estimated as k ∆=1 ∼ 1.0607 from the exact data for S(n) up to n = 6 [24] . At free fermion point ∆ = 0, the exact asymptotic formula has been obtained in [39] 
In this case the numerical value for the constant term is given by k ∆=0 = 1.0474932144 · · · .
Summary and discussion
We have succeeded in obtaining all the density matrix elements on six lattice sites for XXZ chain at ∆ = 1/2. Especially we have newly obtained the fourth-and fifth-neighbour transverse spin-spin correlation functions. Our exact results for the transverse correlations show good agreement with the asymptotic formula established in [35, 36] . Subsequently we have calculated all the eigenvalues of the reduced density matrix ρ n up to n = 6. From these results we have exactly evaluated the entanglement entropy, which shows a good agreement with the asymptotic formula derived via the conformal field theory. Finally, we remark that similar procedures to evaluate the multiple integrals are also possible at ν = 1/n for n = 4, 5, 6, · · · , since there are similar trigonometric identities as (2.4). We will report the calculation of correlation functions for these cases in subsequent papers.
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Appendix A Density matrix elements up to n = 6
In this appendix we present all the independent density matrix elements defined in eq. (2.1) up to n = 6. Other elements can be computed from the relations
and the formula for the EFP [33, 34] P (n) = P +,··· ,+
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